Abstract-This paper demonstrates and compares the complementary properties of two types of Hadamard matrices, i.e., the Walsh-Hadamard matrix and the Golay-paired Hadamard matrix. A simple process is also proposed to construct mutually orthogonal Walsh-Hadamard matrices and mutually orthogonal Golay-paired Hadamard matrices, which represent respectively a collection of mutually orthogonal complementary sets of sequences. Examples are given to verify the relationships between the two types of Hadamard matrices and illustrate the completeness and scalability of the constructed mutually orthogonal complementary sets of sequences.
INTRODUCTION
Mutually orthogonal sequences, in which every two sequences have zero cross-correlation at zero offset, are widely used for signal representation, coding, modulation, and spread spectrum applications [1] [2] [3] . Although an ideal autocorrelation (i.e., zero at any non-zero offset) is impossible for a finite length sequence, the sum of the respective autocorrelation functions in a set of sequences can be ideal. Such a set of sequences is referred to as complementary set of sequences [4] . Furthermore, although the cross-correlation between two sequences can not be ideal (i.e., zero at any offset), the sum of respective cross-correlation functions between two complementary sets of sequences can be always zero. Such complementary sets of sequences are said to be mutually orthogonal [5] [6] [7] [8] .Complementary set of sequences and mutually orthogonal complementary sets of sequences have attracted more and more attention in recent years for applications in digital signal processing and communication systems [9] [10] [11] 14] .
Mutually orthogonal sequences can be easily provided by Hadamard matrices. The most popular one is the WalshHadamard matrix. Complementary sets of sequences can be also constructed using some Hadamard-type recursions [5, 8] with properly chosen initial complementary sequences. However, the complementary properties of the WalshHadamard matrix itself are sometimes overlooked. This paper is to identify these complementary properties and thus to find a simple way for the construction of mutually orthogonal complementary sets of sequences.
Golay-paired Hadamard matrix and mutually orthogonal Golay-paired Hadamard matrices have been proposed to provide mutually orthogonal complementary sets of sequences [12, 13] . It will be interesting to compare the complementary properties of the two types of Hadamard matrices. Also, their relationships with Walsh-Hadamard matrix need to be further studied, which will lead to simpler implementations of these complementary sets of sequences.
The rest of this paper is organized as follows. In Section II, the relationship between Walsh-Hadamard matrix and Golaypaired Hadamard matrix is revealed through the closed-form expressions of the two types of Hadamard matrices. Then, the complementary properties of the Walsh-Hadamard matrix are compared with those of the Golay-paired Hadamard matrix. In Section III, a process with a vivid illustration is proposed to construct the mutually orthogonal Walsh-Hadamard matrices which represent a class of mutually orthogonal complementary sets of sequences. It is also shown that any of these mutually orthogonal Hadamard matrices is simply obtained from the original Walsh-Hadamard matrix by a bit-inverted permutation. The same process is used to produce the mutually orthogonal Golay-paired Hadamard matrices, which demonstrate further scalability in addition to their completeness. These complementary properties and some alternative matrix implementations are demonstrated using examples in Section IV. Finally, conclusions are drawn in Section V.
II.
HADAMARD 
III. MUTUALLY ORTHOGONAL HADAMARD MATRICES
From [5] we know that, for a collection of more than two complementary sets of sequences, if any two sets in the collection are mates of each other, then these complementary sets of sequences are mutually orthogonal. Extending this concept to the Hadamard matrices, we can define a set of mutually orthogonal Hadamard matrices if the complementary sets of sequences represented by respective Hadamard matrices in the set are mutually orthogonal. In this Section, we propose a process to construct such a set of mutually orthogonal Hadamard matrices by alternately applying the recursions for generating a Hadamard matrix and its commuted version.
Let us first describe the process of constructing the mutually orthogonal Walsh-Hadamard matrices. Denoting the k th Walsh-Hadamard matrix of order N = 2n in a mutually orthogonal set as W(k, the construction will take n steps.
Step 1, we construct W (°) and (°) using (1) and (2) respectively with the initial matrices Wj(0) W1(o) [ (2) Step 1
Step 2
Step 3
Step n A/< 1 The bit-inverted permutation is illustrated for N = 8 (i.e., n =3 ) in Fig. 3 
IV. EXAMPLES
The Walsh-Hadamard matrix of order N = 8 obtained using recursion (1) or the closed-form equation (3) is
It can be verified that all the sequences given by rows of W8 constitute a complementary set of sequences. The Golay-paired V.
which can be constructed by either the recursion (5) or the closed-form equation (7). Also, according to (9), G8 can be obtained by element-by-element multiplying W8 with the sequence [+1 +1 +1 -1 +1 +1 -1 +1] given by the row indexed 0 in G8 Four complementary sequence pairs are found in G8.
The mutually orthogonal Walsh-Hadamard matrices of order 8 are shown in Fig. 4 (a) . We see that W,(°) is the same as W8 and the other matrices are obtained from W8 by the bitinverted permutation as illustrated in Fig. 3 . The mutually orthogonal Golay-paired Hadamard matrices of order 8 is shown in Fig. 4 (b) . Similarly, the first matrix G (o) is the same as G8 and the other matrices are the permuted versions of G8 according to the bit-inverted permutation. Alternatively, according to (13), any matrix in the set can be obtained by
The complementary properties of Walsh-Hadamard matrix and Golay-paired Hadamard matrix are demonstrated and compared in this paper. A unified process for constructing mutually orthogonal Walsh-Hadamard matrices and mutually orthogonal Goly-paired Hadamard matrices is also proposed. It is shown that each of the constructed mutually orthogonal Hadamard matrices is a bit-inverse permuted version of the original Hadamard matrix. The mutually orthogonal WalshHadamard matrices represent a collection of complete complementary sets of sequences, whereas the mutually orthogonal Golay-paired Hadamard matrices also demonstrate superb scalability in addition to their completeness. For applications which use fixed sequence length and fixed size of complementary sequence set, the mutually orthogonal WashHadamard matrices provide a simple solution to generate such a collection of complete complementary sets of sequences. However, if variable sequence length and/or adaptive size of complementary sequence set are required, the mutually orthogonal Golay-paired Hadamard matrices will be advantageous. 
